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Abstract—In this paper, we devise a new approach for fast
implementation of two-dimensional (2-D) iterative adaptive ap-
proach (IAA) using single or multiple snapshots. Our underlying
idea is to apply the subspace methodology in this nonparametric
technique by performing the IAA on the dominant singular
vectors extracted from the singular value decomposition (SVD)
or higher-order SVD of the multidimensional observations. In
doing so, 2-D IAA is approximately realized by multiple steps of
1-D IAA, implying that computational attractiveness is achieved
particularly for large data size, number of grid points and/or
snapshot number. Algorithms based on matrix and tensor oper-
ations are developed, and their implementation complexities are
analyzed. Computer simulations are also included to compare the
proposed approach with the state-of-the-art techniques in terms
of resolution probability, spectral estimation performance and
computational requirement.

Index Terms—Iterative adaptive approach, multidimensional
harmonic retrieval, spectral estimation, tensor algebra, subspace
method, array processing, MIMO radar.

I. INTRODUCTION

M ULTIDIMENSIONAL spectral estimation has been
one of the fundamental problems in a diversity of im-

portant fields in science and engineering such as multiple-input
multiple output (MIMO) radar [1], geometry-based channel
modeling in wireless communication systems [2], and nuclear
magnetic resonance spectroscopy [3]. Generally speaking,
spectral estimators can be divided into parametric and nonpara-
metric approaches [4]. Parametric-based algorithms assume
that the received signal satisfies a generating model with known
functional form. According to the assumed model, it is able to
construct the optimal estimators such as maximum likelihood
and nonlinear least squares methods, but their computational
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complexity is extremely large for higher-dimensional signals.
On the other hand, the subspace methodology, which is usually
based on multiple signal classification (MUSIC) [3], estima-
tion of signal parameters via rotational invariance techniques
(ESPRIT) [5], [6], multidimensional folding (MDF) [7], [8]
or principal-singular-vector utilization for modal analysis
(PUMA) [9], [10] can provide accurate estimates at a lower
computational cost provided that the signal source number is
known a priori or estimated by the MDL [11] or its variants
[12], [13]. Their underlying principle is to separate the data into
signal and noise subspaces via eigenvalue decomposition of
the sample covariance matrix or singular value decomposition
(SVD) of the raw data matrix, and the parameters of interest are
then extracted from the corresponding eigenvectors, singular
vectors, eigenvalues or singular values. It is worth noting that
the tensor-based approach [6], [8], which exploits higher-order
SVD (HOSVD), can attain a higher estimation accuracy than
that of the matrix-based schemes for observations with tenso-
rial structure. However, a major drawback of the parametric
techniques is that performance degradation will be resulted
when there is a mismatch between the assumed and actual
signal models.
The nonparametric approach has the key advantage that no

assumptions are made about the observations. In particular,
there is no need to know the number of components in the
data. A conventional representative is the discrete Fourier
transform (DFT) but its resolution is fundamentally limited by
the available observation length. To improve the resolvability,
Capon [14] method and amplitude and phase estimator (APES)
[15], as well as their fast implemenations [16], which basically
require multiple snapshots to estimate the sample covariance
matrices, have been developed. In case of single snapshot,
a spatial smoothing step is needed at the expense of data
length reduction. Recently, the nonlinear spectral estimation
problem is reformulated as a linear model whose coefficients,
representing amplitudes at different frequencies on a fine grid,
are updated iteratively according to weighted least squares
(WLS), and this technique is called iterative adaptive approach
(IAA) [17]. Although IAA will only converge locally, it avoids
spatial smoothing and thus is superior to the Capon method and
APES in terms of resolution performance. It is worth pointing
out that for highly-sparse data models, its sparity-aware vari-
ants including IAA-sparse learning via iterative minimization
(IAA-SLIM) [18] and IAA-sparse iterative covariance-based
estimation (IAA-SPICE) [19] can be employed, and they are
able to retrieve the small amount of dominant peaks and simul-
taneously suppress the ripples. In fact, IAA has been applied in
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many applications such as fundamental frequency estimation
[20], MIMO radar imaging [21], channel prediction [22], blood
velocity estimation [23] and synthetic aperture radar (SAR)
imaging [24]. Furthermore, IAA has been extended to produce
the spectra for multidimensional signals with nonuniform
sampling in [25]. Nevertheless, the IAA methodology has
significant computational requirement particularly when the
size of data, number of grid points, snapshot number or signal
dimension is high. To reduce the complexity, fast IAA imple-
mentations such as IAA with Gohberg-Semencul factorization
[26], [27] and superfast quasi-Newton IAA [24], [28], which
are referred to as IAA-GS and IAA-QN, respectively, have
been proposed. However, it is still computationally demanding
for them to handle multidimensional signals and/or data of a
large size. In this work, we contribute to the development of a
subspace-based IAA for two-dimensional (2-D) observations
especially when the data and/or grid size are large.
The rest of the paper is organized as follows. In Section II,

we first formulate the 2-D spectral estimation problem and then
review the 2-D IAA [26], [27]. The subspace-based IAA for
2-D single-snapshot data is devised in Section III. By employing
SVD on the 2-D measurements, dominant singular vectors are
obtained to which 1-D IAA is applied. In doing so, complexity
reduction is achieved by converting the 2-D operations to 1-D
ones. The 2-D spectrum is finally produced via properly com-
bining the 1-D spectra. We then extend the development to the
scenario of multiple snapshots in Section IV. A matrix-based
scheme is first proposed, followed by a tensor-based solution
derived from tensor algebra and HOSVD. In Section V, simula-
tion results are included to evaluate the performance of the sub-
space approach by comparing with the IAA-GS [26], IAA-QN
[24] and MUSIC [3] algorithm in terms of resolution proba-
bility, spectral line estimation accuracy and computational com-
plexity. Finally, conclusions are drawn in Section VI.
Notation: Scalars, vectors, matrices and tensors are denoted

by italic, bold lower-case, bold upper-case and bold calligraphic
symbols, respectively. The noise-free is denoted by while

and represent the transpose, conjugate transpose,
complex conjugate, inverse, and pseudoinverse, respectively.
The symbolizes the identity matrix. The de-
notes a diagonal matrix with vector as the main diagonal, and
the element-wise magnitude of is . Furthermore, we write

to define as while vec is the vectorization operator,
and and represent the Kronecker product and Khatri-Rao
matrix product, respectively. Regarding tensor operations, the
th unfolding of is written as

where the order of the columns
is chosen according to [29]. The -mode product of tensor
along the th dimension and matrix is expressed
as where

. Note that can be interpreted as multiplying
all -mode vectors of by . The symbol represents the
concatenation operator where is obtained by
stacking to the end
of along the th di-
mension.

II. PROBLEM FORMULATION AND REVIEW OF IAA

In this section, we first formulate the 2-D spectral estimation
problem with single snapshot and then extend it to the multiple-
snapshot case, followed by a review of their 2-D IAA solutions.

A. Problem Formulation

Without loss of generality, we consider the harmonic retrieval
model with samples where . The observed
2-D signal, denoted by , is [1], [6]:

(1)

where

(2)

(3)

(4)

(5)

for , and represents the th frequency
in the th dimension while is the complex-valued ampli-
tude of the th component, , where is the
number of harmonics. The is the signal of interest and
is the noise matrix whose entries are uncorrelated zero-mean
Gaussian distributed variables with variance . The
and are unknown constants. Given , the task is to find
the 2-D frequencies and

.
Although frequency estimation is a nonlinear problem, it can

be converted into a linear model by writing as [26], [27]:

(6)

where and
, with

, representing the
grid points. It is easy to see that (6) is valid when and
are sufficiently large such that align exactly with the
nonzero points in the grid. That is, the

entry of , denoted by , is

(7)

Based on (6), the task of spectral estimation can be interpreted
as finding the dominant peaks of the magnitude-squared spec-
trum, denoted by :

(8)

from the noisy .
When multiple snapshots are available, we can extend (1) as

(9)

where is the snapshot index and is the number of snapshots.
Following (2) and (6), has the form of:

(10)

and

(11)

where the 2-D frequencies are fixed while the amplitudes vary
among different snapshots. Although are distinct, the
locations of their magnitude peaks are equal. In the presence
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of noise, is computed from , and we follow [27] to
determine the magnitude-squared spectrum:

(12)

where each has the same weighting. Again, the frequency
estimates are found by locating the dominant peaks of .

B. Iterative Adaptive Approach

According to [26], the procedure for IAA using single-snap-
shot 2-D data is reviewed as follows. With the use of (6), the
received data matrix of (1) can be written as:

(13)

where is the spectral estimate of . Note that because
it contains both signal and noise components, and when DFT
is employed to retrieve , the approximation in (13) becomes
exact. Vectorizing both sides of (13) yields:

(14)

where and
whose columns are

. Conceptually, the 2-D IAA solves the
entry of by minimizing the WLS cost function:

(15)

for , and the inverse
of the weighting matrix has the form:

(16)

where

(17)

In practice, is computed in an iterative manner:

(18)

The entries of can be initialized by 2-D DFT with zero
padding and we update and according to (17) and
(18) alternately until a stopping criterion is reached.
Extending (15) to the multiple-snapshot case of , the

WLS cost function for estimating the elements of , denoted
by , is [27]:

(19)

where . Analogous to (17), the
matrix can be calculated as

(20)

where . That is, the summation of all
magnitude-squared spectra is used instead of a single one. Here,

is iteratively updated according to (18) with the substitu-
tion of . Upon convergence, the spectrum is determined
using (12).
At each iteration, the major complexity order for directly

updating is
where and is associated
with the method for the matrix inverse computation. Typically,
very large values of and are needed to achieve high
resolution performance. Moreover, in applications such as SAR
imaging [24], the observation sizes, namely, and , are
also large, leading to a big . Both result in significant
computational load. To reduce the standard IAA computational
requirement, techniques such as IAA-GS [26] and IAA-QN
[24] have been suggested. For single snapshot, the complexity
orders of the former and latter are

and

, respectively,
where is a user-defined parameter. Since the term

is not involved, complexity reduction will be
achieved when is large. However, the term
becomes dominant when , and even these fast algo-
rithms will be computationally demanding. The same problem
also applies to the multiple-snapshot scenario. For example,
the complexity order of the IAA-GS for is generalized
as .
It is seen that when the number of snapshots is large, the
computational burden will significantly increase because of

. In this work, we
propose to utilize the subspace methodology to achieve fast
IAA computation particularly for and/or .

III. ESTIMATION WITH SINGLE SNAPSHOT

In this section, we first show that the 2-D DFT of a 2-D ma-
trix can be computed using 1-D DFT of its singular vectors. Em-
ploying the same idea, we exploit 1-D IAA for approximating
the 2-D IAA implementation in order to achieve fast computa-
tion.
Using SVD, the data matrix of (1) is:

(21)

where and
are the dominant left and right

singular vectors while con-
tains the corresponding singular values such that

, and they are the signal subspace components. On
the other hand, and belong to the noise subspace.
When the number of harmonics, namely, , is known, we set
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. Otherwise, is assigned, indi-
cating that all singular vectors are used. Then (21) can be ap-
proximated as:

(22)

Note that the approximation becomes exact when
or in the absence of noise. Equation (22)
indicates that can be determined by a linear combination of

and each is the outer product of two vectors, namely,
and . Analogous to the association of and in (13),

we write:

(23)

(24)

where and denote the spectral representations of
and , respectively. Combining (13) and (23)–(24) yields

(25)

Note that the rank of is approximately equal to 1, and our
main idea of achieving computational efficiency is to find
and instead of , which will be detailed shortly. Now we
first prove that holds exactly in (25) when
corresponds to Fourier transform with . Let

and be the zero-padded 2-D
DFT and 1-D DFT of and , scaled by and ,
respectively. According to DFT definition, (13) and (23)–(24)
will hold exactly and thus there is no approximation in (25).
Let . With the use of (13)–(15)

and (23), the entry of , denoted by , is com-
puted according to:

(26)

where the weighting matrix is distinct for
each . The is iteratively updated
according to (18) with substitution of and

where has the form of:

(27)

Employing DFT for the algorithm initialization, we have
at the beginning. According to (24)–(25),

is the 1-D spectral estimate of , and the
rank-1 approximation of is constructed from and .
Applying , which implies

, (27) can then be expressed as:

(28)

where

(29)

It is worth mentioning that although our development here as-
sumes a sinusoidal signal, it can be seen that (21)–(29) hold for
any signal models with .
Based on (28), and recalling , the update of

can be separated into two components:

(30)

where

(31)

Here, contains the elements .
Instead of computing directly, we employ (30)
for spectral estimation. In doing so, computing the in-
verse of is replaced by inverting

and , which results in
significant complexity reduction. According to (25) and (31),
the last issue we need to address is to estimate from

and , which are equal to and , up to unknown
scalars, respectively.
To make the remaining estimation procedure clearer, we in-

clude an index in and , to represent their
values at the th iteration as follows. Without loss of gener-
ality, is first estimated with the use of and .

Assuming that the difference between and is suffi-
ciently small, we have:

(32)

Solving (32) in least squares (LS) simply yields:

(33)

In a similar manner, is then computed as:

(34)

Upon convergence of the successive updates of (33) and (34)
with iterations, we employ (25) to construct the approxi-
mate version of . The estimation procedure of the proposed
method, which is referred to as subspace-IAA, is summarized
in Table I.
Finally, we analyze the complexity of the subspace-IAA.

First, the SVD of has an order of , where is
a constant depending on the design of the algorithm [30]. In each
iteration, the inverse of for ,
requires a complexity order of . Second, the
computational load of and , according to [27],
is for each itera-
tion. Therefore, the overall complexity is

.
Note that when the data sizes, and , are very large,
further computation reduction techniques [26], [27] can be
employed together with the procedure in Table I. For large
and/or , the dominant complexity terms in the IAA-GS and
IAA-QN are and . While our proposal
does not contain these terms because normally and
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TABLE I
ALGORITHM FOR SUBSPACE-IAA

. That is to say, the latter will be more computation-
ally attractive because most of the complexity terms are only a
function of or and/or or , but not their products.

IV. EXTENSION TO MULTIPLE SNAPSHOTS

In this section, we will extend the subspace-IAA for handling
multiple-snapshot data. A matrix-based algorithm is first devel-
oped first, followed by a tensor method.

A. Matrix-Based Approach

According to (9)–(11), we stack into a matrix, de-
noted by :

(35)

where

(36)

(37)

The and are defined accordingly. Analogous to
(21)–(22), performing SVD on (35) gives

(38)

where and , are the th columns
of and , respectively, which are the dominant singular
vectors but now . Comparing (36)
and (38), we deduce that in the noise-free case,

, and thus

(39)

where is an unknown nonsingular matrix. In the
presence of noise, can then be approximated as

(40)

where is the th column of . That is, is a 1-D signal
with snapshots and corresponds to
the th snapshot data. Similar to (25), we obtain:

(41)

and

(42)

where and are the spectral representations of
and , respectively. Following the same steps

as in (26)–(34) and introducing the iteration index and
are updated using

(43)

(44)

(45)

where and are similar to (29) and (30), respec-
tively. On the other hand, the th element of , namely,

is computed according to (30) with the substitution of
and , and is

now:

(46)

because there are snapshots and we follow the definition in
(20). After a stopping criterion is reached, can be calcu-
lated from and as that in (25). We then determine
using (41) and finally, the spectrum is given by (12).
Following the estimation steps in the single-snapshot case,

the major complexity order of the multiple-snapshot approach is

. We
again see the computational attractiveness of our proposal over
the IAA-GS and IAA-QN.
Note that in joint direction-of-departure and direction-of-ar-

rival estimation in MIMO radar [1], it is assumed that ,
then the term , which is due
to the update of of (45) will dominate and make the
proposed algorithm less computationally efficient. To address
this issue, we assume that can be factorized as and
construct a modified form of :

...
...

. . .
...

(47)
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The estimation procedure is almost the same but now the
singular vectors in both dimensions should be consid-
ered. Following the same steps, a similar approach as in
(43)–(45) can be devised, but the complexity order now
becomes

.

B. Tensor-Based Approach

Apart from employing matrix operations, we investigate the
tensor approach by considering the multiple-snapshot data as
3-D data. This is easily done by stacking the finite snapshots

along the third dimension:

(48)

where and are the corresponding signal and noise tensors.
Applying the truncated HOSVD on , we can write [29]:

(49)

which can be considered as an extension of (21)–(22) to tensor
data. The is the signal core ordered tensor,
while ,
and are the signal subspace components. When
the number of sources is known a priori, the values of and
are and .

Otherwise, and .
In practice, they are computed from the truncated SVD of
[29]:

(50)

According to [6], the signal component in (49) is

(51)

We further define and as
the spectral representations of and :

(52)

and

(53)

Note that (52)–(53) are in fact a tensor generalization of (13).
Based on (49) and (51), we get

(54)

Writing

(55)

(56)

and noting , we can conclude that the magni-
tude-squared spectra constructed from and are approx-
imately identical, as long as they are computed from and
using the same technique. Assuming that is larger than

, we will determine instead of finding because
the former consists of smaller snapshots.

As in Section III, there are two equivalent ways to
compute the DFT of , denoted by , when

. That is, we can use
where

each , corresponds to the
zero-padded 2-D DFT of and scaled by where

. While the al-
ternative expression is where

, and is the
zero-padded 1-D DFT of and scaled by . That is:

(57)

We then follow the same idea as in Section III and exploit 1-D
IAA for approximating the 2-D IAA spectrum using multiple
snapshots. The tensor version of (25) is now:

(58)

where and will be updated in an alternating way.
Employing the DFT coefficients for the algorithm initializa-

tion, follows (58) at the beginning. Assuming that the relation
approximately holds in the subsequent iterations, we first update

, the th column of with a fixed . The of (51)
can be written as

(59)

where

(60)

(61)

with and being the th columns of and
, and

(62)

with . Then

can be expressed as

(63)

where

(64)

(65)

Instead of estimating the spectrum of or , we can es-

timate that of in (63), which is in fact an -snapshot
problem with snapshots concatenated along the
second dimension. This can then be solved using a similar iter-
ative procedure as in Section IV.A.
For ease of understanding, we define the spectral repre-

sentation of as ,



3226 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 62, NO. 12, JUNE 15, 2014

and is the entry of
. The update equation of is then

(66)

where

(67)

(68)

with and . Then
can be expressed as:

(69)

where

(70)

and , are defined similarly as in (29). Noting
that , (66) can be separated into two com-
ponents:

(71)

(72)

where

(73)

with , and
and are the th and th elements of

and , respectively. We also see that (73) is very similar to
(31). Following the same steps as in (32)–(33) and including

the index in the variables to represent their values at the th
iteration, the updated is calculated as:

(74)

where

(75)

For updating , which is the th column of , we fix
and follow (59)–(73) to obtain:

(76)

(77)

(78)

where the th and th elements of and , denoted
by and , are computed using

(79)

(80)

with

(81)

(82)

(83)

(84)

(85)

The updated is expressed as:

(86)

where

(87)

A few iterations between (74) and (86) are needed to calculate
and , and can be retrieved from (58). However, since

the entry of is already calculated in (76), it is
more natural to compute from

(88)

That is, we calculate by summing sub-spectra, and
then the magnitude-squared spectrum is computed according
to (12). The major computational complexity of the proposed
algorithm is studied as follows. First, the HOSVD of in-
volves 3 SVDs, which is of . The other steps
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are very similar to the single-snapshot case, except that in each
iteration, 4 matrices, and ,
are now needed to perform inverse, leading to an order of

. Therefore the overall complexity
order is

. Comparing to the ma-
trix-based scheme, it is expected that the tensor method is more
computationally attractive when .

V. NUMERICAL EXAMPLES

Computer simulations have been carried out to evaluate the
performance of the subspace-IAA approach by comparing with
the IAA-GS [26], IAA-QN [24] and MUSIC [3] schemes. Since
the IAA-GS and IAA-QN are exactly equal to the standard IAA
subject to numerical errors, the results of the latter are not in-
cluded. The harmonic retrieval models of (1)–(5) and (9)–(10)
are considered in the single-snapshot andmultiple-snapshot sce-
narios, respectively. The power of the vector is defined
as where follows a uniform
distribution within [2], [3] in each independent run. All elements
in the noise tensor are zero mean white Gaussian processes
with identical variances of . Different signal-to-noise ratio
(SNR) conditions are obtained by properly scaling where

. A maximum of iter-
ations are used for all IAA techniques, but it might take less if
the improvement between the th and th iterations, de-
noted by , is less than a certain value . In our study, the
error term is

(89)

for the proposed matrix-based algorithms, and

(90)

for the IAA-GS, IAA-QN and tensor-based methods. Notice
that the choice of might vary between (89) and (90), and in
the tensor approach, might not be equal to and thus (90)
is applied. All results are based on 1000 independent runs.
The first test investigates the 2-D single-snapshot case.

The parameters of the noise-free signal are
and

. The grid point
parameters are for all the methods, and SNR
is set to be 10 dB. Figs. 1 to 4 show the peak estimation results
for MUSIC, subspace-IAA, IAA-GS and IAA-QN approaches.
Here, the subspace-IAA assumes that the number of tones, ,
is known. When is unknown, all singular vectors should
be employed in Table I. It is found that the results of using
and all singular vectors are nearly identical, and thus the

performance of the latter has not been included. For all the
methods, the spectrum is first computed, and the 4 dominant
peaks are extracted as the peak estimates. It is seen in Fig. 1
that the resolution ability of MUSIC approach is not as good as

Fig. 1. Spectral line estimation performance using MUSIC.

Fig. 2. Spectral line estimation performance using proposed estimator.

the others. It is due to the fact that with only single snapshot, a
spatial smoothing is needed to perform prior to implementing
the MUSIC, which will reduce its resolution ability. Figs. 2 to 4
show that the subspace approach performs comparably with
the IAA-GS and IAA-QN. On the other hand, Fig. 5 shows
the 3-D plots of their magnitude spectra in dB scale based on
a typical trial. It can be seen that all the IAA-based methods
successfully resolve the peaks, and the proposed algorithm has
sharper main lobes but more ripples. In this single-snapshot
case with is the dominant term per it-
eration in the IAA-GS and IAA-QN, while that of our proposal
is . The average computation times for
the MUSIC, subspace-IAA, IAA-GS and IAA-QN methods
are measured as 0.0841 s, 0.0113 s, 0.0470 s and 0.0489 s
respectively, indicating the computational attractiveness of the
proposed methodology. That is, the subspace-IAA can work
about 4 times faster than the IAA-GS and IAA-QN, which
agrees with the complexity analysis. Moreover, their mean
square frequency errors are 0.0517, 0.0021, 0.0057 and 0.0039,
respectively. Nevertheless, if we do not include the outlier
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Fig. 3. Spectral line estimation performance using 2-D IAA-GS.

Fig. 4. Spectral line estimation performance using 2-D IAA-QN.

points of the IAA-GS, IAA-QN and MUSIC in the calculation,
the mean square error performance of all methods will be
similar.
In the second test, we study the resolution probability of the

estimated signals. In each independent run, we decide that the
estimated are correctly resolved if [31]

(91)

for all . The parameter settings are
the same as the first test, and the results of resolution proba-
bility are shown in Fig. 6. We can see that the resolution prob-
abilities of the proposed algorithm, IAA-GS and IAA-QN are
similar and they almost attain 1 when dB. We
also repeat the resolution probability test for , where
the number of sources is larger than the length of each dimen-
sion, and the frequencies are

and

Fig. 5. 3-D magnitude spectrum at .

Fig. 6. Resolution probability versus SNR at .

. The corresponding results are plotted
in Fig. 7. Notice that in this case, the subspace-IAA uses all sin-
gular vectors no matter whether the number of sources is known
or not. The average computation times for the MUSIC, pro-
posed, IAA-GS and IAA-QNmethods are measured as 0.0809s,
0.0218s, 0.0488s and 0.0498s, respectively.
In the third test, we consider a large data set

with closely-spaced frequencies. The parame-
ters are

and

. There are two groups of frequencies where the
separation between two adjacent points is less than the DFT
limit. The first and second correspond to the first 8 and last 7
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Fig. 7. Resolution probability versus SNR at .

Fig. 8. Magnitude spectrum at .

frequency pairs. The grid point parameters are
for all the methods, and SNR is set to be 5 dB. Note that
in this setting, we have . The dominant
terms in the IAA-GS and IAA-QN are now
and , respectively, while that of the proposed
approach is still . The typical results in
the form of single-realization 2-D contours are plotted in Fig. 8.
It is observed that all IAA algorithms significantly outperform
the MUSIC in resolving closely-spaced frequencies, and the
proposed method has comparable sidelobe and mainlobe
performance to the IAA-GS and IAA-QN. That is, the IAA
can resolve most of the frequencies, with a few sources
having the tendency to overlap with each other. The resolution
probabilities of the MUSIC, subspace-IAA, IAA-GS and
IAA-QN methods are 0, 0.889, 0.812 and 0.844, while the
average computation times are measured as 1.1603 s, 0.1949
s, 1.2774 s and 0.9626 s, respectively. The subspace-IAA now
works about 6 or 5 times faster than the IAA-GS or IAA-QN.
We also see that the IAA-QN is a bit more computationally
efficient than the IAA-GS because . It is expected
that for larger and/or , the computational gain of the
proposed approach is more significant. We may conclude that
for single-snapshot spectral estimation, the IAA methods are

Fig. 9. Resolution probability versus SNR for 4 snapshots.

Fig. 10. Resolution probability versus SNR for 16 snapshots.

superior to MUSIC, and the proposed approach can achieve
almost the same performance as IAA-GS and IAA-QN when
the SNR is sufficiently high, but with less computational cost.
We now examine the multiple-snapshot case. The parameter

settings are the same as those in Fig. 7 except that is now
larger than 1. Figs. 9 and 10 plot the resolution probability
versus SNR at and , respectively, for the MUSIC,
subspace-IAA-M, subspace-IAA-T and IAA-GS algorithms,
where ‘M’ stands for the matrix-based method while ‘T’ means
tensor-based, and the smoothing step follows (35) for the
former. The IAA-QN is not considered for comparison from
now on because its performance is very similar to that of the
IAA-GS. Again, we observe that the resolution probability
of the subspace-IAA is almost the same as IAA-GS for suffi-
ciently high SNR conditions. Furthermore, when the number of
snapshots increases, the difference between the IAA variants
and MUSIC narrows.
Finally, the resolution probability and computational cost

versus are studied and the results are plotted in Figs. 11 and
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Fig. 11. Resolution probability versus .

Fig. 12. Computational time versus .

12. The parameter settings are the same as those in Fig. 10, ex-
cept that SNR is set to 5 dB and changes from 2 to 32. Fig. 11
shows that when the number of snapshots is small, the proposed
methods outperform MUSIC but are worse than IAA-GS in
terms of resolvability. That is, the IAA-GS achieves a resolution
probability of 1 at , while the remaining methods require

snapshots to achieve the upper bound. This implies
that the subspace-IAA can be inferior to the IAA-GS in small
snapshot scenarios. However, when is large enough, there
is no difference. On the other hand, we can see from Fig. 12
that our proposal is faster than the IAA-GS when .
This also aligns with our complexity analysis. It is because
the dominant terms in the IAA-GS, subspace-IAA-M and sub-
space-IAA-T are now
and , respectively. The first two
increase linearly with , while the last one is independent of
, making the tensor-based approach the most computationally
efficient when . To summarize, the subspace-IAA is
not superior to the existing fast IAA realizations in terms of

resolution probability but the main advantage of our proposal
is its computational attractiveness particularly for large
and/or .

VI. CONCLUSION

A subspace-based approach for fast 2-D IAA using single or
multiple snapshots is devised. With the use of SVD or HOSVD,
the received data are decomposed into several singular vectors
for each dimension. The IAA iterations are then performed on
the singular vectors, which corresponds to 1-D update, instead
of 2-D operations on the original measurements, and fast imple-
mentation is thus achieved. Computer simulations are included
to compare the subspace approach with the IAA-GS, IAA-QN
andMUSIC, demonstrating that our proposal is computationally
simpler with a competitive estimation performance. Neverthe-
less, the subspace-IAA can be inferior to the IAA-GS in small
snapshot scenarios.
Regarding directions for future research, one possibility is to

exploit the sparsity structure of in our subspace algorithm
development. Another one is to perform theoretical analysis of
the subspace-IAA. Nevertheless, to the best of our knowledge,
there is no performance analysis of the IAA available in the
literature, except the local convergence [17]. Following [17],
it may not be difficult to extend the local convergence proof to
the 2-D IAA by constructing the corresponding cost function.
However, the proposed approach is to solve the problem in the
subspace domain, which introduces a big challenge in producing
its analytical results, even for local convergence.
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